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Abstract
We have experimentally demonstrated the interferometric complementarity,
which relates the distinguishability D quantifying the amount of which-way
(WW) information stored to the fringe visibility V characterizing the wave
feature of a quantum entity, in a bulk ensemble by Nuclear Magnetic Reso-
nance (NMR) techniques. Besides the two extremes considered by Bohr, we
primarily concern on the intermediate cases: partial fringe visibility and in-
complete WW information. Instead of the general method, we exploit the ge-
ometrical explanation to obtain the distinguishability D more visually. Also,
we investigate the relation between the distinguishability D and the amount
of entanglement E. With measuring D and V independently, it turns out
that the duality relation D2 + V 2  1 holds.
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I. INTRODUCTION
Complementarity [1] can be expressed as that \for each degree of freedom the dynamical
variables are a pair of complementary observables." [2] It is often illustrated by means of
a two-way interferometer such as the famous Young’s double-slit experiment [3], where the
particle-like and wave-like properties of a quantum mechanical object are mutually exclusive,
i. e., a quantum object exhibits either the wave-like or particle-like behavior in a single
experiment. According to Feynman [3], the double-slit "has in it the heart of quantum
mechanics. In reality it contains the only mystery." In the experiments, when which slit the
particle passes through cannot be determined, an spatial interference pattern is exhibited;
any attempt to detect the way of a particle from the experiment, the interference will be
lost. These are two extreme cases which has been performed with many dierent kinds of
particles including photons [4], electrons [5], neutrons [6], atoms [7] and nuclear spins in a
bulk ensemble with NMR techniques [8].
However, what will happen when the quantum object is in the intermediate situations,
namely, when partial fringes or partial WW information is presented? A quantitative wave-
particle duality was rst studied by Wootters and Zurek [9], followed by Bartell [3]. Then
some relevant inequalities to quantify wave-particle duality can be found in a number of
other publications [11{13]. Among them, Englert [13] derived an inequality D2 + V 2  1
that quanties the duality relation at the intermediate stage, which puts a bound on the
distinguishability D quantifying how much which-way information is stored when given
a certain visibility V of interference fringes. Although the quantitative aspects of wave-
particle duality have been discussed by a number of theoretical papers, there are just a
few experimental studies, such as the neutron experiments [14,15], the photon experiments
[16,17] and the atom interferometer [18]. Recently, a complementarity experiment with
interferometer at the quantum-classical boundary [19] was also testied. In this paper, we
experimentally investigate the intermediate situations in a bulk ensemble by NMR techniques
and testify the duality relation D2 + V 2 = 1 for a pure state input.
2
II. THEORY
Let’s consider a Mach-Zehnder interferometer [19,20] shown as Fig. 1, instead of Bohr’s
original design [1]. A photon beam is split into two paths \+" and \{" by the beam splitter
BS, reflected by mirrors M and M’, and recombined into a detector D by a beam merger
BM. A phase shifter PS is inserted in path \{" to present a phase dierence  between
paths \+" and \{". If BS and BM are macroscopic, two paths of the photons will be
indistinguishable and thus the probability for detecting the photon in the detector exhibits
a sinusoidal modulation as a function of  and the interference fringes are visible. If BM
are macroscopic and BS is a microscopic object, the recoil momentum of BS will provide
which-path information and the interference fringes disappear.
The photon+BS system can be represented by a bipartite quantum system in a Hilbert
space HA ⊗HB with the 2-dimensional space HA denoting the path maker and the another
2-dimensional space HB, the observed photons. The state of the quantum system can be
written into the normalized form:
j i = 1p
2
(j+iBjm+iA + j−iBjm−iA); (1)
where jiB represent the photon’s states in the paths \+" and \{", which can always be
chosen as the orthogonal states j0i; j1i; jmiA represent the corresponding states of the path














(1 + Re(Ahm+jm−iA)eiφ): (3)
When BS is a heavy macroscopic object, it implies Ahm+jm−iA = 1 (i.e., jm+iA =
jm−iA = jmiA). The quantum system is in an unentangled product state j iS =
1=
p
2(j0iB + j1iB)jmiA; and no WW information is stored in the same marker state jmiA.
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It can be seen from Eq. (3) that the maximal interference fringe appears. When BS is
light enough, which path the photon passes through will be completely determined by two
orthogonal states jm+iA and jm−iA; and full WW information is obtained. The system is
in the entangled state, for example, the entangled state j iE = 1=
p
2(j0iBj0iA + j1iBj1iA):
As Ahm+jm−iA = 0; the interference is lost. We have experimentally investigated the
two extremes with a NMR spin ensemble [8]. However, for the intermediate cases,
0 <A hm+jm−iA < 1; how much WW information is stored?
We exploit the geometrical explanation (see Fig. 2) to dene the distinguishability D of
the paths, instead of introducing a physical quantity Lw|the "likelihood for guessing the
right path" [13]. One chooses an appropriate orthogonal and normalized basis fj+iA; j−iAg
(Ah+j−iA = 0); and project jmiA in the basis,
jm+iA = γ+j+iA + γ−j−iA
jm−iA = +j+iA + −j−iA
; (4)
where jγ+j2+ jγ−j2 = 1; j+j2+ j−j2 = 1: The criterion of choosing fj+iA; j−iAg is to make
the probability dierences equal when the two states jm+iA and jm−iA are measured under
the basis j+iA and j−iA. These probability dierences are dened as distinguishability
D =
jγ+j2 − j+j2 = j−j2 − jγ−j2 : (5)
Suppose all the project coecients of the basis jmiA and jiA in 2-dimensional Hilbert
space fj0iA; j1iAg be real. One gets,
jm+iA = cos’+j0iA + sin’+j1iA
jm−iA = cos’−j0iA + sin’−j1iA
(6)
and
j+iA = cosj0iA + sinj1iA
j−iA = sinj0iA − cosj1iA
; (7)
where ’+, ’− and  denote the angles of the state vectors jm+iA, jm−iA and j+iA with
respect to basis j0iA, respectively. In order to satisfy Eq. (5),  = ϕ++ϕ−2 − pi2 must be held,
which yields
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γ+ = − = cos(pi4 − ϕ−−ϕ+2 )
γ− = + = sin(pi4 − ϕ−−ϕ+2 ):
: (8)
So from Eqs. (5) and (8) the distinguishability reads
D = jsin(’− − ’+)j : (9)
As WW information of the observed system B is stored in the marker states via the
entanglement of A and B, the distinguishability of the B’s paths depends on the feature of
the marker states and the amount of entanglement of the AB system as well. The amount
of entanglement E of a bipartite pure state AB (AB = j iABh j) is given by its Von








= −Tr((A) log2 (A)); where the
reduced density matrices (A) = TrA (AB) and 
(B) = TrB (AB) for each subsystem, either
A or B. By calculating the reduced density matrix, one can get the amount of entanglement
E for the pure state j i in Eq. (1):
















As a result of limx!0(x log2 x) = 0; one gets E (’ = k) = 0: It is obviously from Eq. (10)
that E
(
’ = k + pi
2

= 1 (k = 0; 1; 2; :::): Eq. (10) implies 0  E  1; corresponding to
0  D  1:
The visibility V of the interference fringes is determined from the maximum and mini-





From Eq. (3), the visibility V of interference fringes is the modulus of the scalar product of
the marker states:
V = jAhm+jm−iAj = jcos(’− − ’+)j : (12)
Combining Eq. (9) with Eq. (11), one can get the duality relation
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D2 + V 2 = 1: (13)
The complementarity relating the distinguishability D to the visibility V depends on the
characteristics of the two marker states jmiA: The fringe visibility V and the distinguisha-
bility D are determined by the orthogonality of jmiA and the amount of entanglement E
of the system. More generally, the duality relation is [13,21{23]
D2 + V 2  1 (14)
where the equal sign holds if the input state is initially prepared in a pure state.
III. EXPERIMENTS
The scheme stated above was implemented by liquid-state NMR spectroscopy with a two
spins sample of carbon-13 labeled chloroform 13CHCl3 (Cambridge Isotope Laboratories,
Inc.). We made use of the hydrogen nucleus (1H) as the marker spin A and the carbon nuclei
(13C) as the observed spin B in the experiments. Spectra were recorded on a BrukerARX500
spectrometer with a probe tuned at 125.77MHz for 13C, and at 500.13MHz for 1H . The
spin-spin coupling constant J between 13C and 1H is 214.95 Hz. The relaxation times were
measured to be T1 = 4:8 sec and T2 = 0:2 sec for the proton, and T1 = 17:2 sec and
T2 = 0:35 sec for carbon nuclei.
At rst, we prepared the quantum ensemble in an eective pure state j 0i = j00i from
thermal equilibrium by line-selective pulses with appropriate frequencies and rotation angles
and a magnetic gradient pulse [24], which has the same properties and NMR experimental
results as the pure state j 0i. By applying a Hadamard gate HB on spin B and two unitary
transformations U1 and U2 with,
U1 = exp(−iEA+IBy 2’+)
U2 = exp(−iEA−IBy 2’−);
(15)
j 0i was transformed into the state j i in Eq. (1), where I iη( = x; y; z) are Pauli
matrices of the spin i, Ei =
1
2
(12  2I iz);and 12 is the 2  2 unit matrix. These op-
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erations were implemented by the NMR pulse sequence YA(’+ + ’−)XA(pi2 )JAB(2(’− −
’+))XA(−pi2 )XB()YB(pi2 ):
In our experiments, two dierent sets of experiments were performed to measure the
fringe visibility V and the distinguishability D, respectively. In the rst set of experiment
to measure V , the transformation UB in Eq. (2) was realized by the NMR pulse sequence
XB (−1)YB (2)XB (−1) with 1 = tan−1(− sin()), and 2 = 2sin−1(−cos()=
p
2). A set
of appropriate values 1 and 2 were chosen to make the variation of the  values from 0 to







respectively. The diagonal elements of the deviation density matrix were reconstructed by
these recorded spectra [25]. For a given value of ’ = ’− − ’+, we observed an interference
pattern from variations of the normalized populations of the states versus . Without loss of
generality, we assumed ’+ =
pi
2
in experiments and variations of the ’ values from 0 to 5=4
with the increment =16 by changing the ’− value. From Eq. (11) and the experimental
data we got the measured the fringe visibility V denoted by the circles in Fig. 4.
In order to measure the distinguishability D, the information of γ+; γ− or +; − must be
got rstly. From Eqs. (1) and (4), the probabilities p(j0iBj+iA) = jγ+j2 =2; p(j0iBj−iA) =
jγ−j2 =2 and p(j1iBj+iA) = j+j2 =2; p(j1iBj−iA) = j−j2 =2 can be gotten by the
joint measurement under the basis fj0iBj+iA; j0iBj−iA; j1iBj+iA; j1iBj−iAg. In
our experiments, the joint measurements were implemented by a two-part proce-
dure inspired by Brassard et al. [26]. Part one of the procedure is to rotate
from the basis fj0iBj+iA; j0iBj−iA; j1iBj+iA; j1iBj−iAg into the computational basis












, corresponding to the NMR pulse YB(2). Part two of
the procedure is to perform a projective measurement in the computational basis
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which could be mimiced by a magnetic gradient pulse along z-axis [27]. Therefore,
the probabilities p(j0iBj+iA); p(j0iBj−iA); p(j1iBj+iA) and p(j1iBj−iA) correspond to
p(j0iBj0iA); p(j0iBj1iA); p(j1iBj0iA) and p(j1iBj1iA), respectively. Similar to the reading-out
procedure in the rst set, the diagonal elements, i.e., the populations, were reconstructed, de-
noting the probabilities on the four dierent states, p(j0iBj0iA); p(j0iBj1iA); p(j1iBj0iA) and
p(j1iBj1iA); shown in Fig. 3. The distinguishability D was achieved from Eq. (5) for a given
value of the visibility V; with the measured values denoted by the stars in Fig. 4. In fact, we
took the average value of D =
(jγ+j2 − j+j2 + j−j2 − jγ−j2 =2 = j00 − 10j+ j01 − 11j
to obtain the data for the distinguishability D. Then the values D2 + V 2 were calculated
and plotted as a function of ’ shown in Fig. 5.
It can be seen from Figs. 4, 5 and Eqs. (9), (10), (12), (13) that the experimental results
are in good agreement with the theoretical expectations.
1) When Ahm+jm−iA = 1 ( for ’− − ’+ = k; k = 0; 1; 2;   ); the marker states are
identical, and the state of the AB system is completely unentangled, i.e., E = 0, we have no
WW information (D = 0); and perfect fringe visibility (V = 1):
2) When 0 <A hm+jm−iA < 1 (unless ’− − ’+ 6= k and k + pi2 ; k = 0; 1; 2;   ); the
marker states are partially orthogonal, and the state of the AB system is partially entangled,
i.e., 0 < E < 1, partial fringe visibility 0 < V < 1 and partial WW information 0 < D < 1
satisfy the duality relation of Eq. (13).
3)When Ahm+jm−iA = 0 (for ’− − ’+ = k + pi2 ; k = 0; 1; 2:::); the marker states are
orthogonal, and the state of the AB system is completely entangled i.e., E = 1, we have full
WW information (D = 1); and no interference fringes (V = 0):
The theoretical curve of the amount of entanglement E was also plotted in Fig. 4
(denoted by dashed line), in which the variation trend of D is nearly the same as E. With
the increase of the amount of entanglement E of the state AB; the distinguishability D
increases and the visibility V reduces, indicating that entangling spin B with spin A destroys
interference.
In our experiments, all data in Fig. 5 should reach unity theoretically. Due to the
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inhomogeneity of the RF eld and static magnetic eld, imperfect calibration of RF pulses,
and signal decaying during the experiment, the estimated NMR experimental errors < 5%
caused the duality relation D2 + V 2 slightly under or over unity in some data points.
IV. CONCLUSION
In conclusion, we have experimentally tested the interferometric complementarity in a
NMR spin ensemble with NMR techniques. Besides Bohr’s complementarity of two ex-
tremes, the intermediate cases have been tested that the fringe visibility V reduces as the
storage of incomplete WW information. The quantitative measurements of D and V in a
NMR spin ensemble indicate the consistence with the duality relation of Eq. (14) with an
interferometer.
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Figure Captions
Fig. 1 Schematic Mach-Zehnder interferometer.
Fig. 2 The vector sketch map of the distinguishability D. fj0i; j1ig represents the
standard orthogonal basis and two general states fjmig and another orthogonal basis
fjig are denoted by the angle ’+; ’− and ; pi2 + ; respectively. The dashed line denotes






Fig. 3 In experiments to measure the distinguishability D, normalized populations vs.
the value ’. Data points +;©;  and   denote 00; 01; 10 and 11, respectively. Theoretical






2 =2 and 01 = 10 = sin(pi4 − ϕ2 )2 =2 are
depicted with the solid lines and the dashdoted lines, respectively.
Fig. 4 Visibility V (denoted by ©) and distinguishability D (denoted by ) as a function
of the values of ’. The solid lines are the theoretical expectations Eqs. (9) and (13) and the
dashed line denotes the corresponding amount of entanglement E expressed by Eq. (15).
Fig. 5 Experimental test of the duality relation based on the data from Fig. 3. D2 + V 2
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